The Partitioning of Power Sets Into Graphs

Abstract

Let a cyclic permutation act on the power set of an n-element set, and let evolution be
symmetric difference with the cyclic translate. Since these operations commute, evolution induces
a functional graph on the rotation classes of subsets. Its connected components induce a partition
of the power set. We give a self-contained algebraic description of the component types, their
multiplicities, and the cardinalities of the corresponding parts. Writing n = 2%m with m odd,
we separate a nilpotent coordinate from an invertible periodic coordinate. Every component is a
directed cycle with identical level-regular rooted trees attached. Its cycle length determines its
tree shape at fixed n. Simultaneous rotation and evolution relations form a rank-two integer
lattice; passing from squarefree factors to repeated factors multiplies this lattice by a power of
two. Consequently, finitely many integer polynomials associated with an odd m describe the
partitions for every m2®. Powers of two and the families 3-2%, 5-2% and 7 - 2* admit explicit
formulas. A second description, using rotation averaging and two Md&bius inversions, expresses
all component multiplicities through polynomial greatest common divisors. Both descriptions
establish disjointness and exhaustiveness without choosing individual subsets.

Keywords. Power sets; binary necklaces; Ducci map; additive cellular automata; functional graphs;
finite fields; Mo6bius inversion.

1 Introduction and definitions

Let X,, = Z/nZ, with cyclic permutation i — i+ 1. For A C X,,, write R(A) ={i+1:i € A} and
define
D(A) = AN R(A), (1.1)

where A denotes symmetric difference. The cyclic order is part of the structure; different cyclic
labelings give isomorphic constructions. Under characteristic vectors, P(X,) is the vector space
Vi, = Iy, rotation is a linear map R, and D = I + R.

A necklace is an orbit under (R). Let N,, = V,,/(R), with projection m,. Since DR = RD, the
rule [v] = [Dv] defines a map D on N,,. Let Q,, be its functional digraph: every necklace is a vertex,
and its unique outgoing edge points to its image under D. Loops are retained. A component means
a weakly connected component, obtained by ignoring edge directions when testing connectivity.
Each component consists of one directed cycle and trees directed toward that cycle.

For a component C' of Q,,, define its mass by

IO = |m ' (V(O))]. (1.2)

The sets 7, 1(V(C)) partition P(X,,). This is the sense in which the power set is partitioned into
graphs: graph vertices are rotation classes, while each part of the power set is their union. The
number of vertices in a component and its mass are different quantities. Isomorphic components
need not have the same mass.

The map D is the binary Ducci map, within the theory of additive cellular automata. Martin,
Odlyzko, and Wolfram developed polynomial methods and algebraic descriptions of finite state-
transition graphs [1]. Misiurewicz, Stevens, and Thomas studied iterations of related linear maps



over finite fields, including the passage from dimension n to dimension 2n and counts of periodic
vectors [2]. Breuer, Lotter, and van der Merwe related Ducci periods to polynomial orders and
multiplicative orders in finite fields [3]. The emphasis here is the quotient by cyclic rotation and
the simultaneous relations between rotation and evolution. All structural and counting statements
needed for this quotient are proved below.

Throughout, write uniquely

n = qm, q=2%, a € Z>o, m odd. (1.3)

Thus a = vy(n) is the exponent of 2 in n. The main results are as follows. The component
classification in Theorem 2.1 identifies every component through a polynomial divisor and a coset of
a finite group. Theorem 3.1 gives its complete directed-graph shape. The lattice lifting theorem,
Theorem 4.1, yields the finite polynomial description of all m2% in Theorem 4.3. Finally, Theorem 6.2
gives an independent counting formula for every positive integer n.

2 The algebraic partition

2.1 Nilpotent and periodic coordinates

Identify V;, with Fa[z]/(2™ 4 1) by sending a vector to its coordinate polynomial. Then R and D
act by multiplication by x and 1 + z, respectively. Put

™+ 1

Qm(x) = TH’

Po(z) = Qm(2)7. (2.1)

For m =1, @, = P, = 1. Since m is odd, 2" + 1 is squarefree, and @,, is relatively prime to
z(x 4+ 1). Moreover,
2"+ 1= (z+1)1Qm(z)?, Vo~ Kg & W, (2.2)

where
K, =TFalyl/(y"), y=x+1, W, =TFyz]/Pu(x).

The quotient by the polynomial 1 is understood as the zero vector space. On K,, rotation is
multiplication by 1 + y and evolution by y. On W,,, both  and 1 + z are units. Thus K, is the
nilpotent part, and W, is the periodic part. In particular, a vector is periodic under D exactly
when its K, coordinate is zero.

2.2 Annihilator strata and relation lattices

For w € W, its annihilator polynomial is the monic generator H of {f € Fa[z] : fw = 0}; necessarily
H | P,. Set
Wn(H) ={w e W, : Ann(w) = (H)}.

If P, = BH, multiplication by B identifies W,,(H) with
U(H) = (Bala]/H)*. (23)

Indeed w = Bu has annihilator H precisely when ged(u, H) = 1. For H = 1, the stratum is {0}; we
use a one-element group as U(1). Write

®(H) = |U(H)|, P (H ffi) =[] (28 s — 1)2(ei=Ddeg fi (1) = 1. (2.4)

()



For H # 1, define
Ag ={(u,v) € Z® :z*(1+2)" =1 (mod H)}. (2.5)

Negative exponents are permitted because x and 1+ are units. There are unique integers dy7,tyy > 0
and 0 < sy < dg such that
A ={(du,0),(=sm,tn)). (2.6)

Here dp is the order of x modulo H, tj is the least positive integer for which (1 + z)'# € (x), and
(1+ z) =21 Since H | 2" + 1, dy | n. The subgroup

I'y =(z,1+2) <U(H)

has order dyty, by the homomorphism from Z? with kernel Ay. For H = 1, set (dg,th,sg) =
(1,1,0) and take 'y to be trivial.

Theorem 2.1 (Component classification). The components of Q,, are in bijection with the disjoint
UNLON

|| UH)/TH. (2.7)

H|P,

For a fized H, there are ®(H)/(dgty) components. Each has a cycle of length ty, and its mass is

29dgty. Consequently,
d(H
> d() 2ldyty = 2" (2.8)
HI|P, HlH

Proof. Both R and D preserve each annihilator stratum and act on it as multiplication by x and
1+ 2. Their joint orbits are precisely the cosets of I'f7, each of size dity. Quotienting such an orbit
by rotation leaves ty vertices, on which D acts as one cycle.

Every vector with periodic coordinate in this joint orbit reaches that cycle after at most ¢
applications of D, because y? = 0 on K,. Conversely, neither a rotation nor an evolution edge can
move the periodic coordinate to a different joint orbit. Thus all 2¢9dyty vectors in the product of
K, with the joint orbit form the inverse image of exactly one component. This proves the asserted
bijection and mass.

The CRT coordinates, annihilator polynomial, and coset are unique, proving disjointness. They
exhaust V,, proving exhaustiveness. Equivalently, > g p, ®(H) = 2deePn — 927=4  which gives
(2.8). O

3 The directed-graph structure

For powers of two h | g, let T (g, h) be the rooted tree of depth ¢ defined as follows. The root has
one child. At depth j, where 1 < j < ¢, every vertex has

1, je{h2h4h,... q/2},

] (3.1)
2, otherwise

bj(g,h) = {

children. The set in the first line is empty if h = ¢. All edges point toward the root. Let G(T%;q, h)
be a directed cycle of length T" with a copy of T (g, h) attached at each cycle vertex, identifying its
root with that vertex. For T' =1 the cycle is a loop.



This specifies the graph up to isomorphism. An optional finite-word encoding is
GT'J(qu h)7 U(q7 h) = 2b1 (Q7 h’) e bq—l(Qu h)o (32)

Juxtaposition in (g, h) denotes concatenation in a word over {0, 1,2}. The initial symbol 2 records
the total indegree at a cycle vertex, including its cycle predecessor; it does not mean that the rooted
tree has two children at its root.

Theorem 3.1 (Uniform attached trees). For a component belonging to H in Theorem 2.1, put
d =dg, t = tyg, and h = ged(d,q). Its graph is G(t;q,h). In particular, the graph shape is
independent of the coset and of sp.

Proof. Choose a periodic coordinate wy in the joint orbit and representatives w; = Diwy, 0 < i < t,
for its rotation orbits. Every necklace over the orbit of w; has a representative (u,w;), with u € K.
Two such representatives define the same necklace precisely when their K, coordinates differ by a
power of (1+ y)¢. Thus the fiber over each core necklace is

Eo/{(1+y)%) = K /(1 +y)"). (3.3)

The equality holds because 1 + y has order ¢ and h = ged(d, q).

The map D sends the fiber at i to the fiber at ¢ + 1 by multiplication by y, except at i =¢ — 1,
where returning to the representative wg introduces the factor (1 + y)~*#. This factor is a unit,
commutes with gy, and preserves nilpotent height. It cannot change any of the following preimage
counts.

Define ht(0) = 0 and ht(u) = min{j > 1 : y?u = 0} for u # 0. There are 2/~! elements of height
4. Under multiplication by (1 + y)* = 1 + y", every height-; element has the same orbit length

pn(j) = min{2° : b >0, h2° > j}. (3.4)

Indeed (1 + yh)Qb =1+ yhzb, and its action fixes a height-j element exactly when h2° > j.
For 1 < j < g, a height-j orbit has 2pp(j) preimage elements under multiplication by y, all of
height j + 1. They split into orbits of length pp(j + 1). Hence every vertex at depth j has

200(4)  _
G+ 1) bj(g,h)

children. A cycle vertex has one incoming cycle edge and one transient predecessor, since ker(y)
contains zero and one nonzero element, both fixed under the rotation subgroup. Height-q vertices
have no preimages. Height decreases by one at every transient step, so it equals distance to the
cycle. These uniform branching numbers determine the incoming rooted tree at each cycle vertex,
proving the assertion. O

Corollary 3.2 (Vertex counts). The tree T (q,h) has one root and
271

on(J)

vj(q, h) = (1<j<q) (3.5)

vertices at depth j. Writing ¢ = 2% and h = 2°, its total size is
a h =2 "
A(q,h) =1+ wj(q,h) = p (2‘1 + > o te/? ) . (3.6)
7=1 r=1

Thus G(T';q,h) has T A(q, h) vertices and the same number of directed edges, counting cycle edges
and loops.



Proof. Equation (3.5) follows from the height-orbit calculation. For the second expression in (3.6),
apply Burnside’s lemma to K,/(R"). Its acting group has order g/h. A rotation R fixes 28°d(a./k)
vectors. Grouping the rotations by their orders 2" gives one identity contribution 2¢ and (2") = 27!
contributions 29/2" for each r > 1, where ¢ is Euler’s totient function. O

4 Lifting along families with fixed odd part

Fix an odd m > 1 and factor

T
Qm =1/ (4.1)
i=1
into distinct monic irreducibles over Fo. Write r; = deg f;. For a nonempty support S C {1,...,r},

put Fs = [[;cq fi and write
AS - AFS - <(dSa 0)7 (_857t5)>'
Both dg and tg are odd, since U(Fy) is a product of finite-field multiplicative groups of odd order.

Theorem 4.1 (Lifting the joint relation lattice). Let H = [[;cq fi*, where all e; > 1, and let
E =maxe;,  h=2M08F] (4.2)
€S
Then
Ay = hAg, (dg,tm,sg) = h(ds,ts, ss). (4.3)
Proof. For a nonzero integer pair (u,v), write (u,v) = 2°(ug, vo), with at least one of ug, vy odd. In
the rational function field Fa(x),

b
z'(1+2)'—1= ("1 +x)"° — 1)2 .
Differentiating gives

%(w“%l +a)" = 1) = 2" (1 +2)* UO(ZE? :j)w
The numerator in the final fraction is, modulo 2, one of 1, z, or 1 + x. None vanishes at a root of
any f;. Every zero of the expression inside parentheses at such a root is therefore simple. This
argument also applies to negative exponents because the denominators have no zero there.

If (u,v) € Ag, then (ug,vg) € Ag: raising to the 2°-th power is an automorphism of the odd-order
group U(Fs). It follows that a nonzero squarefree relation (u,v) has exactly multiplicity 2° at every
active factor. It holds modulo H if and only if 2° > E. or equivalently if both coordinates are
divisible by h. Thus

(4.4)

Ag = Ag N hZ?.

The index [Z? : Ag] = dstg is odd. Multiplication by & is therefore an automorphism of Z2/Ag,
which implies Ag N hZ? = hAg. The zero relation belongs to both sides. Multiplying the canonical
basis by h proves the last assertion. O

Corollary 4.2 (Cycle length determines graph type). For every positive integer n = qm, a
component of cycle length T has graph

Q(T; q, 202(T))' (4.5)
Thus two components of Q, with equal cycle lengths are isomorphic as directed graphs.

Proof. For nonempty support, Theorem 4.1 gives dig = hdg and T = htg with dg,tg odd. Since
h|q, ged(dm,q) = h = 2v2(T) - Apply Theorem 3.1. For H = 1, both the cycle length and h equal
1. O



4.1 A finite polynomial description

For each nonempty support S, define

Cs(z) = [[(z" —1). (4.6)

i€S

Supports with the same relation lattice may be grouped. For each such lattice A, with canonical
parameters (dy,ty, Sy), set

Ci(z) = Z Cs(z2). (4.7)

S:Ag=A
Include one additional, empty state Ao with parameters (1,1,0) and polynomial Cy, = 1. No
nonempty support has this lattice: otherwise x = 1 modulo one of the factors of @Q,,, which is
impossible. When m = 1, the empty state is the only state.
For a nonempty state and a power of two h, define

C\(2), h=1,

Ch(2M) — Cy(2M?), h > 1. (4.8)

Wi(h) = {

Theorem 4.3 (All doublings from finitely many polynomials). Fiz an odd positive integer m. The
finite collection {(dx,tx, sx,C\)} determines the partition for every n = gm, q = 2*. There is one
component G(1;q,1) of mass 27 arising from the empty state. For each nonempty state X and each
he{1,2,4,...,q}, there are exactly

Wi(h)
4.9
h2dt (4.9)

components of graph type G(hty;q, h), each of mass
2qh2d)\t)\. (4.10)

Contributions giving the same graph type are added. The components are disjoint and exhaustive.

Proof. For an irreducible f of degree r,

b

@) =2" -1 (4.11)

e=1

Thus for fixed support S, summing ®(H) over exponent choices 1 < e; < b gives Cis(2°). The choices
for which the least power of two at least max; e; is h > 1 have total weight Cg(2") — Cg(2"/?); for
h =1 the weight is Cs(2). Summing over equal lattices yields (4.8).

By Theorem 4.1, all these strata have parameters (hdy, hty, hsy). Theorems 2.1 and 3.1 give the
multiplicity, mass, and graph type. In particular, the fractions in (4.9) are integers. All weights are
positive: each level contains at least the exponent choice e; = h on each support. The regrouping
does not alter the partition established in Theorem 2.1. ]

The polynomial identity

YOz =]+ (" —1) =21 (4.12)



gives an additional expression of completeness. The weights telescope over the dyadic levels, so
2001+ > Y Wi(h) | =20> Ch(27) =2 (4.13)
A#N h=1,2,4,....q A

This equality accompanies the disjointness proof; equality of total masses alone would not establish
a partition.

Corollary 4.4 (Number of graph types). For m > 1, let S, be the set of integers ts arising from
nonempty supports in (4.1). Then the number of directed-graph isomorphism types in Qmaa s

(a+1D)|Sm| + 1pgs,,)- (4.14)
For m =1 there is exactly one type.

Proof. Each nonempty state contributes positively at every dyadic level. The cycle lengths are hS,,,
and different levels have different 2-adic valuations. Within each level, cycle length determines the
graph by Corollary 4.2. The empty state adds a type precisely when 1 is absent at level A =1. [

5 Explicit infinite families

5.1 Powers of two
Corollary 5.1. For every a > 0, the graph Qsa is connected and isomorphic to G(1;2%,1). Its mass

. a
is 22°.

Proof. Here m = 1, so the periodic coordinate is zero and only the empty state occurs. Alternatively,
D?" =T+ R* =0, so every vertex reaches the zero necklace. Theorem 3.1 gives the tree shape. [J

For ¢ = 2%, the branching sequence has an internal symbol 1 exactly at depths 1,2,4,...,¢q/2.
The first cases are

¢ |1 2 4 8 16
o(q,1) |20 210 21120 211212220 21121222122222220.

The vertex count is the binary-necklace number
1 /a1 N o 1og/2"
Aq,1) == p(d)29? = = (294 ) 27~ 129/2" ) (5.1)
q dlg q r=1

Equations (3.1) and (5.1) describe every member of this family without expanding the graph.

5.2 0Odd parts three and five

For m =3, Q3 = 2 + x + 1 is irreducible, and 1 4+ z = 22 modulo Q3. The only nonempty state is
therefore
(d,t,s) =(3,1,2), C(z)=2>—-1.

For m =5, Q5 = #* + 2% + 22 +  + 1 is irreducible: a root has order 5 and degree ords(2) = 4.
Modulo Qs, (1 + 2)? = 2%, while 1 4+ x ¢ (z). Hence its only nonempty state is

(d,t,s) = (5,3,4), C(z) =2 —1.



n  Graph type Multiplicity Mass of each component

3¢ G(1;4,1) 2 29 and 3 - 29
22h _ 2h )
h;q,h _ h=24
3¢ G(hyq,h) Ve 3
5¢  G(1;4,1) 1 21
5¢ G(3;4,1) 1 15 2¢
24h _ 22h )
) q
5¢ G(3h;q,h) e 15h°2

Table 1: The complete partitions for odd parts 3 and 5.

Theorem 4.3 gives the following complete lists. In the table, ¢ = 2% and h > 2 ranges over powers
of two at most q.

There are a + 1 types for 3 - 2% and a + 2 types for 5 - 2¢. For example, Qg has two components
of type G(1;2,1), of masses 4 and 12, and one component of type G(2;2,2), of mass 48. The total
mass is 64, while the total number of necklace vertices is 2 -3 + 8 = 14. Figure 1 shows the two
graph types.

(I‘ S
i

/\( )/\

Figure 1: The two graph types at n = 6. The left type occurs twice and the right type once. Arrows
indicate the induced symmetric-difference map.

2;2,2

5.3 0Odd part seven

The factorization

Q7 = (x3+x+ 1)(m3+x2 +1)
gives two single-factor states (7,1,3) and (7,1,5), each with polynomial z* — 1. For their combined
support, the relations require 3t = 5t (mod 7), so the state is (7,7,0), with polynomial (23 - 1)2.

At h = 1, there are three components G(1; g, 1), of masses 29, 7-29, and 7-27, and one component
G(7;q,1) of mass 49 - 29. For each dyadic 2 < h < ¢, there are

2(23h _ 23h/2)

2 components G(h;q, h), each of mass Th?29, (5.2)

and
(23h o 1)2 . (23h/2 - 1)2

49h2
The number of graph types is 2a + 2.

components G(7h; q, h), each of mass 49h%24. (5.3)



6 A uniform formula by fixed-point counting

The preceding description uses irreducible factors and relation lattices. A second description
expresses the same partition through polynomial gcd degrees, rotation averaging, and two Mobius
inversions. Write p for the integer Mobius function and ¢ for Euler’s totient function.

6.1 A bound on all cycle lengths

For n = gm, define
1, m=1,

6.1
q(20rdm(2) _ 1)’ m>1, ( )

B(n) = {

where ord,,(2) is the multiplicative order of 2 modulo m.

Lemma 6.1. Every cycle length in Q,, divides B(n). For m > 1, the larger integer q(29(™ — 1)
may replace B(n). If n =2%(2" — 1), every cycle length divides n.

Proof. For m > 1, put © = ord,,(2). On the squarefree algebra Fa[z]/Q,n, one has 22" = z, since
m | 2" — 1. Hence (1+2)?" = 1+a. As 1+ is invertible there, Q,, divides (1+x)* ~! + 1. Raising
this polynomial divisibility to the ¢g-th power shows

ol (L) 0 41,

Thus DB = T on W,,. A period after identifying rotations divides an ordinary period, so the
assertion follows. Euler’s theorem permits r = p(m) as well. When m = 2" — 1, the same argument
gives the bound gm = n. If m = 1, the periodic space is zero and the cycle length is 1. ]

6.2 The counting formula

For every positive integer e, put

(6.2)

X Me 1\ 2e
QEZQvQ(e)a meze/Qe7 PE(X): ( + ) .

X +1

All polynomial geds below are monic geds in Fo[X]. We use ged(P,0) = P and degged(1, f) = 0.

For k£ > 1, define
e—1
Fu(k) = 1 3 gdeg ged (Pe(X),(14X)+X7) (6.3)

€ s=0

For positive d, t, set

C(d,1) = 7 30 3 idfe)u(t/K)Fu(k). (6.4)

eld k|t

Theorem 6.2 (Uniform component counts). Fiz n = gm. For d | n and t | B(n), C(d,t) is the
number of components whose periodic coordinates have exact rotation period d and whose quotient
cycle has length t. Fach such component has graph

G(t; g, ged(d, q)) (6.5)

and mass 24dt. All components occur in this way, and

> 29dtC(d,t) =2 (6.6)

d|n t|B(n)

In particular, the sums in (6.4) are nonnegative integers.



Proof. First, F,.(k) counts the necklaces in the periodic part at size e that are fixed by D*. To
see this, the kernel of multiplication by f on Fo[X]/P. has dimension deggcd (P, f). For example,
writing P, = gP’ and f = gf’ with ged(P’, f') = 1, the equation P, | fu is equivalent to P’ | u,
leaving deg g free binary coefficients. Thus each summand in (6.3) counts the periodic vectors
satisfying D*w = Rw.

For a rotation orbit of size d | e fixed by D*, each of its d vectors admits exactly e/d shifts s
modulo e satisfying this equation. The orbit contributes e to the sum. An orbit not fixed by D
contributes zero. Dividing by e proves the assertion about F¢(k).

Second, repetition embeds vectors of length e into length d whenever e | d. This injective map
commutes with R and D. Its image is the set of vectors whose rotation period divides e, and a
repeated vector is periodic under D if and only if its shorter vector is periodic. Therefore

Ba(k) =) u(d/e)Fe(k)

eld

counts periodic necklaces of exact rotation period d fixed by D¥.

Third, D permutes these necklaces, preserving their exact rotation period because D is invertible
on the periodic part and commutes with R. A cycle of length ¢ contributes its ¢ vertices to E4(k)
exactly when ¢ | k. A second Mobius inversion, followed by division by ¢, gives (6.4). This number
is independent of the ambient n as long as d | n.

A quotient cycle with parameters (d, t) contains dt periodic vectors. Attaching the full nilpotent
coordinate gives one component of mass 29dt, by Theorem 2.1. Its shape follows from Theorem 3.1.
Lemma 6.1 includes all possible cycle lengths. Uniqueness of the exact rotation period and
quotient cycle proves disjointness, while all periodic vectors belong to one such cycle. This proves
exhaustiveness and (6.6). O

For h | g, the multiplicity and total mass of the graph type G(t; ¢, h) are therefore

Mu(t,h)= >  C(dt), (6.7)
dn
ged(d,q)=h
Wh(t,h) =2% Y dC(d,t). (6.8)
dln
gcd(d‘,q):h

A zero value of M, (t,h) means that the type is absent. By Corollary 4.2, a nonzero value requires
h = 2v2() These formulas give the complete partition in terms of n, integer divisors, and polynomial
ged degrees. They do not require specifying any subset of X,.

6.3 Mersenne widths and a prime specialization

For n =2%(2" — 1), Lemma 6.1 allows the temporal divisors ¢ | n in Theorem 6.2. In particular, at
an odd Mersenne width m = 2" — 1, every component has type G(¢;1,1) with ¢ | m: a cycle with
one leaf attached at each cycle vertex. The multiplicity formula determines which of these possible
lengths actually occur; a divisibility bound alone is not an occurrence assertion.

Proposition 6.3 (Mersenne primes). Suppose p = 2" — 1 is prime. For 0 < s < p, put
17

as = degged (Qp(X), X + X +1),  Ay= -5 (2 —1)
s=0

10



There are 1 + A, components of type G(1;1,1) and

=1 —1-pA,
pQ

(6.9)

components of type G(p;1,1). Among the former, one has mass 2 and the remaining A, have mass
2p. Each latter component has mass 2p. For p = 3, only the first type occurs; for p > 7, both occur.

Proof. The only possible quotient cycle lengths are 1 and p. Every nonzero periodic vector has
rotation period p, since the rotation-fixed vectors at odd width are zero and the constant-one vector,
and the latter maps to zero under D. By (6.3), A, is the number of nonzero periodic necklaces
fixed by D. These give A, components of mass 2p, besides the zero-core component of mass 2. The
remaining 2P~1 — 1 — pA, periodic vectors lie in joint orbits of size p?, giving (6.9).

The case p = 3 follows from Table 1. For p > 7, consider the full annihilator @,. Its quotient
cycle cannot have length 1: that would require 1 + X = X*® (mod @Q)) for some 0 < s < p. The
nonzero polynomial X* + X + 1 has degree at most p — 1. If its degree is smaller, (), cannot divide
it. If its degree is p — 1, it has three nonzero terms, whereas Q, =14+ X +--- + XP~1! has p terms.
Thus its quotient cycle has length p, proving existence of the second type. The zero-core component
always gives the first. O

7 Consequences and further questions

The partition separates three kinds of information. The isomorphism type is determined by (n,T)
through (4.5). Its multiplicity is an orbit count, given by (4.9) or (6.7). Its mass retains spatial-
period information that the unweighted graph may lose. Accordingly, a classification of graph types
alone does not determine the cardinalities of all parts of the power set. The coset description and
mass formulas retain the additional data.

For fixed odd m, Theorem 4.3 gives a finite algebraic description of an infinite family. Increasing
the exponent of 2 changes the nilpotent depth and the dyadic lattice scale, while the squarefree
relation lattices remain fixed. This explains why the number of graph types is linear in a, even
though the power set has 2™2" elements.

Several questions arise naturally from this formulation. They are stated as directions for further
study, without a claim that each is unresolved in the existing literature.

1. Arithmetic of the odd part. Can the set S, of quotient cycle lengths be characterized
directly from arithmetic properties of m, beyond its definition by supports of irreducible
factors? Such a characterization would describe which graph types occur throughout the
family m2°.

2. Occurrence at Mersenne widths. For m = 2" — 1, which divisors ¢ | m satisfy
>dm C (d,t) > 07 The formula in Theorem 6.2 determines the answer, but a structural
criterion for positivity would expose additional arithmetic information.

3. Weighted graph classification. For a prescribed graph type at fixed n, what are the
possible component masses, and with what multiplicities do they occur? Here the relevant
distinction is among the values of d contributing to (6.8), even when the cycle length and tree
are fixed.

4. Other local maps. For maps given by other polynomials in R, which rotation quotients
have level-regular attached trees, and when do their joint relation lattices admit an equally
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simple lifting law? The derivative argument in (4.4) identifies a specific feature of the pair
x,1 4+ x that a generalization must address.

The central classification is independent of these further questions. For every n, the annihilator
and coset construction gives a disjoint partition of the power set, the tree theorem gives each graph
explicitly up to isomorphism, and the counting identities account for all 2" subsets. The finite
polynomial data for an odd part describe all of its doublings simultaneously.
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